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ABSTRACT
We will propose a design method for bursting neuron models with a speciﬁed average angular frequency and duty ratio. The proposed design method derives parameters and
initial conditions in the models. We also show effectivity of
the proposed design method by simulation.
1. INTRODUCTION
Bursting in a biological neuron plays crucial roles, for example, advancing secretion of a hormone[1], and contribution to constriction of the muscles effectively[2].
Mathematical neuron models are classiﬁed into continuous-time models and discrete-time ones. In continuoustime neuron models, Izhikevich clariﬁed mechanism of generation of the bursting from bifurcation theoretical point
of view[3]. On the other hand, Kitajima el al. have observed and analyzed the bursting in a discrete-time neural
network[4]. The considered neural network is constructed
by a chaotic neuron model proposed by Aihara et al.[5].
However, it is difﬁcult to observe the bursting in Aihara’s
single neuron model because it has one-dimensional dynamics.
Recently, we have proposed a high-dimensional discretetime neuron model by extending Aihara’s one[6]. The model
exhibits the bursting when a Hopf bifurcation for a pair
of two-periodic points occurs. We have also proposed a
piecewise linear discrete-time neuron model, where a piecewise linear output function is used instead of the logistic
function[7]. We have shown that the piecewise linear model
also exhibits the bursting when the Hopf bifurcation for the
pair of two-periodic points occurs.
Moreover, it has been pointed out that a period and duty
ratio of the bursting are also important[8]. Therefore, in
this paper, we will propose a design method for the proposed bursting neuron models with a speciﬁed period and
duty ratio by using bifurcation theory.
This paper is organized as follows: Section 2 will introduce the considered discrete-time neuron models in this
paper, Sec. 3 will propose a design method of the bursting,
and Sec. 4 will show its effectivity by simulation. Finally,
we will conclude this paper in Sec. 5.
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2. TWO-DIMENSIONAL DISCRETE-TIME
NEURON MODELS
We consieder a two-dimensional discrete-time neuron model
given by

y1 (t + 1) = k1 y1 (t) + k2 y2 (t) − αf (y1 (t)) + c,
(1)
y2 (t + 1) = y1 (t),
where t is a discrete time, (y1 (t), y2 (t)) is an internal state,
and k1 , k2 , α, and c are parameters. The output from the
neuron x(t) is determined by x(t) = f (y1 (t)).
In [6], the output function f is given by the following
logistic function:
f1 (u) =

1
,
1 + exp(−u/ε1 )

(2)

where ε1 is a steepness parameter.
On the other hand, in [7], the following piecewise linear output function shown in Fig. 1 is used instead of the
logistic function:
⎧
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ε2
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if
≤ u,
2
where ε2 is another steepness parameter.
In this paper, the discrete-time neuron model with the
logistic function f1 is called “Model I”, and the model with
the piecewise-linear function f2 is called “Model II”.
Corresponding to Eq. (3), we partition the y1 -y2 phase
plane into the following three regions Ri (i = I, II, III):
⎧
⎨ RI = {(y1 , y2 ) | y1 ≤ −ε2 /2},
RII = {(y1 , y2 ) | − ε2 /2 < y1 < ε2 /2},
(4)
⎩
RIII = {(y1 , y2 ) | ε2 /2 ≤ y1 }.
3. DESIGN OF BURSTING
3.1. Bursting Oscillations, Duty Ratio and Period
When neuron activity alternates between a quiescent state
and repetitive spiking(spiking state), the neuron activity is
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where ui = k1 − αf  (ȳi ) for i = 1, 2. From Eq. (6), a
Hopf bifurcation for the two-periodic points occurs if the
following conditions hold:

fu








ε2

k2 = ±1, u1 u2 (u1 u2 + 4k2 ) < 0.


ε2


In this paper, we consider the case where k2 = 1. Consequently we can rewrite Eq. (7) as follows:

u


k2 = 1, −4 < u1 u2 < 0.

output

Fig. 1. A piecewise linear function.
spiking state

(7)

(8)

quiescent state

3.4. Average Angular Frequency

Ts

Tq

We have deﬁned the period of the bursting in Sec. 3.1. However, strictly speaking, the period cannot be deﬁned in both
models since the internal state is quasi-periodic when the
bursting occurs. Therefore, we deﬁne an “average angular
frequency” instead of the period. The average angular frequency ω is deﬁned by a central angle shown in Fig. 5. Note
that ω is deﬁned by the central angle between the time t and
t + 2 since the invariant closed curves are two-periodic.

time

Fig. 2. Bursting.

3.5. Design
said to be bursting. Figure 2 shows an example of the bursting. Average durations of the quiescent and spiking states
are denoted by Tq and Ts , respectively. Then we deﬁne period T and duty ratio r of the bursting as follows:
T = T q + Ts ,

r=

Ts
Ts
= .
Tq + Ts
T

(5)

3.2. Mechanism of Bursting
There are some pairs of two-periodic points in the models.
When a Hopf bifurcation for the two-periodic points occurs, there exists two pairs of non-isolated invariant closed
curves surrounding each two-periodic point shown in Fig.
3. The coordinates of both two-periodic points are denoted
by (ȳ1 , ȳ2 ) and (ȳ2 , ȳ1 ), where ȳ1 > ȳ2 without loss of generality. Figure 4 is enlargement of Fig. 3 around the twoperiodic point (ȳ1 , ȳ2 ). yth in Fig. 4 is threshold for ﬁring or
non-ﬁring, i.e., if y1 (t) > yth (resp. y1 (t) < yth ), the neuron is ﬁring (resp. non-ﬁring) at the time t. xth is deﬁned
by xth = f (yth ). On the other hand, the neuron is always
non-ﬁring on the other non-isolated closed invariant curve
in Fig. 3.
3.3. Occurrence Conditions for Bursting
If there exists a pair of two-periodic points (ȳ1 , ȳ2 ) and
(ȳ2 , ȳ1 ), the characteristic polynomial for the two-periodic
point is given by
φ(λ) = λ2 − (u1 u2 + 2k2 )λ + k22 ,

In this subsection, we propose a design method for a bursting neuron with speciﬁed average angular frequency ω and
duty ratio r. Note that eigenvalues of the pair of the twoperiodic points are e±jω , that is, e±jω are roots of φ(λ) =
0. Therefore, by using Eq. (8), we obtain the following
result:
ω
2 cos ω = u1 u2 + 2 ⇐⇒ u1 u2 + 4 sin2 = 0.
(9)
2
If an initial condition is set to be around the two-periodic
point (ȳ1 , ȳ2 ), then the bursting occurs and (y1 (t), y2 (t))
is quasi-periodic. Suppose that the non-isolated invariant
closed curve is a circle with the center (ȳ1 , ȳ2 ) and radius d
when the initial condition (y1 (0), y2 (0)) is set to be (ȳ1 +
d, ȳ2 ). Figure 4 clearly shows that the duty ratio r is given
by
β
r=
,
(10)
2π
where β is a central angle of the dotted arc, which corresponds to the spiking state. From Eq. (10) and Fig. 4, the
following relation is derived:
ȳ1 = yth − d cos rπ.

(11)

On the other hand, ȳ1 and ȳ2 are roots of the following
equation:
k1 y − αf (y) + c = 0.
(12)
Note that the above equation holds only if k2 = 1. From
Eqs. (11) and (12), the parameter c is determined by

(6)
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c = −k1 (yth − d cos rπ) + αf (yth − d cos rπ).

(13)
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Fig. 3. Bursting and non-isolated invariant closed Fig. 4. Bursting on the phase plane, Fig. 5.
curves.
where yth is a threshold.
quency.

Finally, we discuss how the parameters and the initial
condition are determined. The parameter k1 is set to be a
root of Eq. (9), k2 is set to be 1, ȳ1 is set by (11), c is
determined by Eq. (13), and ȳ2 is set to be a root of Eq.
(12), which is different from ȳ1 .
The radius d can be set freely in Model I. However,
in Model II, there exists a pair of non-isolated invariant
closed curves shown in Fig. 3, and the left and right invariant closed curve in Fig. 3 must lie in RI and RII , respectively. Therefore, d is restricted. By assuming that the
invariant closed curves are circles with the radius d, they lie
in each region if the following conditions hold:
ε
ε
ȳ1 − d ≥ − , ȳ1 + d ≤ .
(14)
2
2
The above inequalities can be rewritten as follows:


0.5ε2 + yth 0.5ε2 − yth
.
(15)
0 < d ≤ min
,
1 + cos rπ 1 − cos rπ
In Model II, we set the parameter d satisfying Eq. (15).

4.1. Model I
We set the parameter α, ε1 , d, and xth to be 1.0, 0.02, 0.04,
and 0.4, respectively. Suppose that the speciﬁcations of
bursting are given by

ω  = 0.2567, r = 0.3141.

(18)

4.2. Model II
We set the parameters α, ε2 , and xth to be 1.0, 0.25, and 0.5,
respectively. Suppose that the speciﬁcations of bursting are
given by
ω = 1.0, r = 0.3.
(19)
Then, there exist the parameters k1 and c for the speciﬁcations. The proposed design method gives the following
result:
k1 = 0.2448, c = 0.3436, 0 < d ≤ dmax = 0.0787. (20)
We set the radius d to be 0.9dmax , and the following initial
conditon is derived:
(21)

Note that we have another set of the parameters and the initial conditions. However, we adopt Eqs. (20) and (21) because of the same reason described in Sec. 4.1.
Numerical simulation shown in Fig. 7 gives the following result:
ω  = 0.9983, r = 0.3259.
(22)

(16)

then there exist the parameters k1 and c for the speciﬁcations. The proposed design method gives two sets of the
parameter and the initial conditions since k1 is determined
by the quadratic equaion Eq. (9). The one set is not adopted
since k1 > 1, and the other set is given by
k1 = 0.0092, c = 0.2645,
y1 (0) = 0.01953, y2 (0) = −28.7677.

Figure 6 shows numerical simulation with Eq. (17), and we
get the following result:

y1 (0) = 0.0292, y2 (0) = −1.4034.

4. EXAMPLES

ω = 0.3, r = 0.4,

Average angular fre-

(17)

5. CONCLUDING REMARKS
In this paper, we have proposed a design method for bursting neuron models with a speciﬁed average angular frequency
and duty ratio. The proposed method determines both parameters and initial conditions for the models.
However, the proposed method is not sufﬁcient for Model
I since it is based on linearization for the neighborhood of
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(i) Output.
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(ii) Phase portrait．





(iii) Enlargement of (ii).

Fig. 6. An example in Model I.
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(ii) Phase portrait．

(i) Output.
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(iii) Enlargement of (ii).

Fig. 7. An example in Model II.

the two-periodic points. One of our future studies is to extend the proposed method taking the nonlinearity into account.
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