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Abstract

In real-time systems, the execution of tasks with higher
Quality of Service (QoS) requires larger resources and
higher frequency in CPUs. Dynamic power-aware re-
source management using dynamic voltage scaling tech-
nique is needed to resolve a trade-off between the QoS
maximization and the energy consumption minimiza-
tion. By taking into the consideration a fairness of QoS
levels of all tasks, we formulate the trade-off as a math-
ematical programming problem called FQ-PARA (Fair
QoS-based Power-Aware Resource Allocation problem).
The problem is described by two variables: the QoS level
of tasks and the voltage of CPUs. Moreover, under a cer-
tain condition, it is reduced to the minimization of a sin-
gle variable function.

1. Introduction

The spread of mobile and portable devices leads to
demands in low power techniques. For such devices
with displays and non-volatile storages, various meth-
ods are applied to reduce power consumption. More-
over, advances of circuits and implementation technolo-
gies reduce the power consumption of CPUs. However,
a CPU still occupies large amount of the power con-
sumption so that a fine grain power management is
required[1].

The dynamic voltage scaling (DVS) technique is a
method to reduce power consumption by controlling
the CPU frequency or varying the voltage. Since the
clock rate is reduced linearly as the voltage level can
be reduced, it has an effect on task execution time.
In [2], the computational time is divided to fixed pe-
riods and clock speeds are adjusted to eliminate idle
time in each period. Predicting future execution load
based on the previous execution or average execution
time is used to adjust the clock speed [3, 4, 5, 6].

For low energy consumption, Phillai and Shin pro-
posed a scheduling algorithm which defers as much
work as possible by setting the frequency to meet the
minimum work while ensuring the deadlines are met[7].
Liu et al. formalized DVS scheduling problems for hard
real-time systems as a nonlinear optimization prob-
lem and proposed an optimal off-line scheduling algo-
rithm for solving it[8]. Nakamoto et al. proposed opti-
mal real-time scheduling algorithms for aperiodic task
arrivals to minimize power consumption of secondary
batteries[9].

Decreasing the clock speed to reduce energy con-
sumption, however, leads to system performance
degradation. Thus, there is a trade-off between the en-
ergy consumption and the system performance.
To solve the energy-performance trade-off prob-
lem, Pisharath et al. present an application-driven
scheme that aims to improve the performance and re-
duce the energy consumption of a heterogeneous
embedded system[10]. A new power-performance mod-
eling toolkit for a high-end microprocessor is described
in [11]. Yuan et al. have developed an energy-efficient
soft real-time CPU scheduler, GRACE-OS, for mo-
bile multimedia systems[12]. GRACE-OS performs
soft real-time scheduling and DVS based on the proba-
bility distribution of cycle demands of each multimedia
task. The dynamic power management is a methodol-
ogy for dynamically reconfiguring systems to provide
the requested services and performance with the mini-
mum energy consumption[13].

On the other hand, fairness of QoS level is also im-
portant in real-time systems. When CPU utilization
factors are decreased with the same ratio for all tasks
to avoid overload situations or to arbitrate the QoS lev-
els of competitive tasks, the deviation of the QoS lev-
els could occur. To prevent unfairness of QoS levels,
we have proposed a QoS control method to achieve the
fair QoS[14].

In this paper, we formulate the optimal power-



aware resource allocation with fair QoS as an optimiza-
tion problem called FQ-PARA (Fair QoS-based Power-
Aware Resource Allocation problem). FQ-PARA is de-
scribed by two variables: the fair QoS level and the
CPU supply voltage. Moreover, under a certain condi-
tion, it is reduced to the minimization of a single vari-
able function.

2. System Model and Assumption

We consider a uniprocessor real-time system consist-
ing of a independent task set T = {τ1, τ2, . . . , τn} and
a CPU with DVS.

Let v be the supply voltage of the CPU, which can
be changed between the minimum voltage vmin and the
maximum voltage vmax. We assume that the CPU fre-
quency f (CPU cycles per unit time) and the power
consumption p depend on v as follows:

f = kfv, p = kpv
3. (1)

Each task τi has a deadline Di. τi comprises a
mandatory part and an optional part, where the
mandatory part runs before the optional one be-
fore its deadline Di. Execution of the mandatory
part produces the acceptable minimal QoS level of
task τi, which is subsequently enhanced by the op-
tional part.

The numbers of CPU cycles needed for execution of
the mandatory and the optional parts are denoted by
mi and oi, respectively. Since the total CPU cycles to
execute τi is (mi + oi), the CPU utilization factor ui

required by τi is given by

ui =
mi + oi

Dif
=

mi + oi

kfDiv
(From Eq. (1)). (2)

The energy consumed for completion of τi Thus the
energy consumption ei to complete τi depends on both
the CPU supply voltage v and the number of CPU cy-
cles (mi + oi) as follows:

ei =
mi + oi

f
· p =

kp

kf
(mi + oi)v2. (3)

Allocation of mi CPU cycles to execute the manda-
tory part guarantees the minimally acceptable QoS
level QoSmin

i while execution of the optional one en-
hances the QoS level. The highest QoS level QoSmax

i is
achieved by additional allocation of omax

i CPU cycles
to the optional part (the maximum CPU cycle require-
ment). Since achievement of each QoS level requires a
certain number of CPU cycles, the QoS level of τi is de-
termined uniquely for allocated CPU cycles. To evalu-
ate fairness, we introduced a normalized QoS level Qi

as follows[14]:

Qi =
QoSmax

i −QoSi

QoSmax
i −QoSmin

i

, (4)

If QoSi achieves the maximum QoS require-
ment QoSmax

i , Qi is equal to 1, while Qi = 0
if QoSi = QoSmin

i . In the following, for simplic-
ity, the normalized QoS level Qi will be called a QoS
level.

To quantify the CPU cycle requirement oi, a re-
source consumption function φi is associated with the
QoS level Qi, namely

oi = φi(Qi). (5)

The resource consumption function represents the
number of CPU cycles required to achieve a QoS
level. We make some assumptions on oi, Qi, and
φi. First, for simplicity, oi and Qi are real-valued
within [0, omax

i ] and [0, 1], respectively. This as-
sumption implies that φi is a mapping from [0, 1]
to [0, omax

i ]. Second, φi is a monotonically increas-
ing convex and differentiable function (See Fig.
1).

Each task is scheduled by a scheduling algorithm
such as EDF. Let U be the maximum total CPU uti-
lization factor which guarantees schedulability of T. To
avoid an overload situation, the following CPU con-
straint must be satisfied:

n∑

i=1

ui ≤ U. (6)

3. Problem Formulation

A CPU cycle allocation to T is said to be fair when
all tasks have the same QoS level, namely

Q1 = Q2 = · · · = Qn. (7)

Each task needs extra CPU cycles and power con-
sumption to achieve a higher QoS level, which causes a
trade-off between the minimization of power consump-
tion and the maximization of the QoS level. To evalu-
ate the trade-off, we introduce the following cost func-
tion as the weighted sum of these objectives:

w

(
1− 1

n

n∑

i=1

Qi

)
+ (1− w)

n∑

i=1

ei, (8)

where w ∈ [0, 1] is a weight. Intuitively, w is larger
when the improvement of the QoS level is more impor-
tant than the saving of the power consumption.

Our main purpose is to find a CPU cycle allocation
and a CPU supply voltage so as to minimize the cost
function subject to Eq. (7), which is described by the



���

�

�����
	�

�

����
��

�����

�����

���
� �

 ! "#

Figure 1. Illustrations of φi and φ̃i.

following nonlinear optimization problem:

minimize w

(
1− 1

n

n∑

i=1

Qi

)
+ (1− w)

n∑

i=1

ei (9)

subject to Q1 = Q2 = . . . = Qn (10)
n∑

i=1

ui ≤ U (11)

vmin ≤ v ≤ vmax (12)
0 ≤ oi ≤ omax

i , i ∈ {1, 2, . . . , n} (13)

Obviously, a fair CPU allocation is given by oi =
φi(Q) for all i ∈ {1, 2, . . . , n}, where Q is a QoS level
for the fair allocation. Let Q̃ = 1 − Q, and φ̃i(Q̃) is
defined by φ̃i(Q̃) = φi(1− Q̃) (See Fig. 1). Intuitively,
Q̃ represents degradation of the QoS level. Note that
φ̃i is a monotonically decreasing convex function since
φi is monotonically increasing and convex.

From Eqs. (2) and (3), the above optimization prob-
lem can be rewritten as follows:

minimize W (Q̃, v) := wQ̃ + (1− w)
kp

kf
v2×

n∑

i=1

(φ̃i(Q̃) + mi) (14)

subject to
1
v

n∑

i=1

mi + φ̃i(Q̃)
Di

≤ kfU (15)

vmin ≤ v ≤ vmax (16)
0 ≤ Q̃ ≤ 1 (17)

The above optimization problem will be called FQ-
PARA (Fair QoS-based Power-Aware Resource Allo-
cation problem). It is noted that the above problem
has two variables Q̃ and v. The second term of the cost
function depends on the number of tasks as a summa-
tion of required CPU cycles, and the calculation of the
cost function has linear complexity with respect to the
number of tasks, which is an advantage of FQ-PARA.
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Figure 2. Illustration of the feasible region: the
optimal solution exists in its border shown by a
thick solid line.

4. Existence of Optimal Solution

This section derives a basic property of FQ-PARA.
Since

∂W (Q̃, v)
∂v

= 2(1− w)
kp

kf
v

n∑

i=1

mi + φ̃i(Q̃)
Di

> 0, (18)

the cost function W (Q̃, v) is strictly increasing with re-
spect to v, which means that more energy is needed as
the voltage (hence CPU frequency) is increased. There-
fore, the optimal solution (Q̃∗, v∗) satisfies

v∗ =
1

kfU

n∑

i=1

mi + φ̃i(Q̃∗)
Di

or (19)

v∗ = vmin. (20)

Figure 2 shows a feasible region of FQ-PARA when
there exist Q̃vmax

and Q̃vmin
such that

1
kfU

n∑

i=1

mi + φ̃i(Q̃)
Di

≥ vmax, Q̃ ≤ Q̃vmax
and (21)

1
kfU

n∑

i=1

mi + φ̃i(Q̃)
Di

≤ vmin, Q̃ ≥ Q̃vmin
. (22)

Equation (21) implies that no QoS level higher than
Q̃vmax

can be achieved even if the voltage is set to its
maximal value vmax.



We define the following functions W1 and W2 of Q̃:

W1(Q̃) :=W

(
Q,

1
kfU

n∑

i=1

mi + φ̃i(Q̃)
Di

)
(23)

=wQ̃ + (1− w)
n∑

i=1

(
mi + φ̃i(Q̃)

)

× kp

kf
3U2

{
n∑

i=1

mi + φ̃i(Q̃)
Di

}2

, (24)

W2(Q̃) :=W (Q̃, vmin) (25)

=wQ̃ + (1− w)
kp

kf
vmin2

n∑

i=1

(
mi + φ̃i(Q̃)

)
.

(26)

Note that they are convex functions since d2Wi

dQ̃2 > 0(i =
1, 2).

As shown in Fig. 2, the optimal solution (Q̃∗, v∗)
and the optimal value W ∗ of FQ-PARA under Eqs.
(21) and (22) satisfy the following conditions:

A: If Q̃vmax ≤ Q̃∗ ≤ Q̃vmin
, then

v∗ =
1

kfU

n∑

i=1

mi + φ̃i(Q̃∗)
Di

and (27)

W ∗ = W1(Q̃∗). (28)

B: If Q̃vmin ≤ Q̃∗ ≤ 1, then

v∗ = vmin and W ∗ = W2(Q̃∗). (29)

If dW1(Q
vmin

)

dQ̃
> 0, then we have dW2(Q

vmin
)

dQ̃
> 0 from

Eq. (18), which implies that the optimal solution sat-
isfies the case A, otherwise the case B.

Since both W1 and W2 are one-dimensional con-
vex functions, the optimal solution (Q̃∗, v∗) can
be obtained by minimization of W1 in the inter-
val [Q̃vmax

, Q̃vmin
](resp. W2 in [Q̃vmin

, 1]) for the case
A(resp. B). The minimization is performed by a nu-
merical method such as the Newton method. Thus,
FQ-PARA can be solved by minimizing a single vari-
able function.

5. Conclusion and Future Work

This paper formulated an optimization prob-
lem called FQ-PARA to achieve low power consump-
tion and fair CPU allocation. Though FQ-PARA
is a nonlinear optimization programming prob-
lem, the optimal solution can be found by solving
the minimal point of one-dimensional convex func-
tions.

Our future work is to extend FQ-PARA to real-time
systems with discrete-valued QoS levels, since many ap-
plications have discrete QoS levels (e.g. picture resolu-
tion, color depth, and so on) and DVFS CPUs have

discrete voltage levels. Moreover, it is also future work
to propose an efficient algorithm for solving FQ-PARA
on-line.
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